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Floating Point
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Fractional binary numbers

+ What is 1011.101,?
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Fractional Binary Numbers
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Fractional Binary Numbers: Examples

m Value Representation
5 3/4 101.11>
2 7/8 10.111>
1 7/16 1.0111>

m JIER

= BB/ INSRRILABRLL2 (BRFS£Y)
" B ARSI LRLL2
= #050.111111...,MINIEL1.0/N—8T

= 1/2+1/4+1/8+..+1/2'+...— 1.0

= Use notation 1.0 —¢




Representable Numbers

- Limitation #1
- HARERIR /28 Wy (O EBED
» HABBF 2R TN (RS ND TR

- Value Representation
- 1/3 0.0101010101[01]..2
- 1/5 0.001100110011[0011]..2
- 1/10 0.0001100110011[0011]..2

- Limitation #2
- MEAR (wbits) , FREHE T RK/MuEA R

- Limited range of numbers (very small values? very large?)




WRE LR

ZEESRAETA—IPAENES, ALHAXNU-IMHES, 01831, ATUDH
BlkmenFEl, BEEA-N2AMAKEMNTF 08 ZSHF A EERRBAXMTHBHE. 45
A, 17108 — S & &k & RXNE— ML FF 7 0.000110011[0011]-+,, H ¥, FHEEHHLIEZEL
REA. BERAEXEMNHEKRTOL, x RERINMNFIAHN _HFN A REALHN23ML:x=
0.00011001100110011001100, (FH# %S 2.51, EEH X F oM ERA M T LT 0.1 Hitid.)
A0l -xH_HEXFTEHA?

B.O.l - x HyiE M+ ERS D7

C.YUZE&WEREHE, HENOFE, FAE-ERFHHK. EXAMITFE, RACLEFTAS 100
NEt, BEFEAEHGHEMEFHREZERSD?

D.ZARE-—MXLE BN RRATRERTAHRNAH BN, XFANCHATEHA. BECER
GHAEREKAAR 2000 KEH, TTEHFRURLTED?

W —RER A FI N e P —PRRER, BEX TS MREN L. R, BN
KB THRELEHERZ E AN E, MARZELZSENUBCEAR TUERAEHANIH
RERHE, EXEFAHEEAARAFORESES. 2202, BEAGF - KERAGEHEAY
i), T 5 — KRBT B R K #y B ] [100].



R

A.0.11 —# R 2 0.000110011[0011],#2F FHIxZ 0.00011001100110011001100, *F7
BAXNFZBERB—T:

0.00011001100110011001100110011001100110011.....
0.00011001100110011001100

15345 5R £ 0.00000000000000000000000[1100]
B. IA A9 1038 HIER 20924/ R 8D 2 — N L2825 R B0 2 —.
C. 100\ ZfE, RATER/RENEIT T 100*3600%10 = 3600000;K% , IRZE AL E0.343%),
D. 2000*343 = 6863
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Today: Floating Point

+ IEEE floating point standard: Definition
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© EERCR R ARE KEY, #Bilins « 21007 2101
J& TR FR100 O Az A =
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Floating Point Representation

- z+41: (-1101.0101), m=9, n=3

- -0.11010101*24
S Es E M
v 167 3fr 9fr
1 0 100 110101010
- -0.011010101*25
S Es E M
v 167 3fr 9fr
1 0 101 011010101
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IEEE Floating Point

TEEE Standard 754
- fE19854F A, 1EATEREUE EING —irilt
« fEHZ A, BRZAE GER it
- FrA EmMCPUHI S FF
William (Velvel) Morton Kahan J& -
K
- 1933 -
- UC Berkeley
- 1989FK| R %, R AHETHE J7 I DTk
- Kahans& ¥ iz HIEEAHEIEEE 754,
IEEE 8541 3 E ik it

740




TEEE Floating Point Representation

Numerical Form:
(-1 M 2t
— Sign bit s determines whether number is negative or positive
— EE#iSignificand M normally a fractional value in range [1.0,2.0).
— BFifBExponent E weights value by power of two

Encoding

- MSB s is sign bit s

- exp field encodes E (but is not equal to E)

- frac field encodes M (but is not equal to M)

s |exp frac




Precision options

Single precision: 32 bits (float)

s |exp frac

1 8-bits 23-bits
Double precision: 64 bits (double)

s |exp frac

1 11-bits 52-bits

Extended precision: 80 bits (Intel only, long double)

exp

frac

1

15-bits

63 or 64-bits
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"Normalized” Values(Fi#%4t) vaelrm2

* When: exp # 000..0 and exp # 111...1

Exp - Bias (FZR8/IRE)

» E coded as a biased value: E
— Exp: unsighed value of exp field

— Bias = 2k1 - 1, where k is number of exponent bits
- Single precision: 127 (Exp: 1..254, E: -126..127)
- Double precision: 1023 (Exp: 1..2046, E: -1022..1023)

* M coded with implied leading 1: M = 1.xxx...x2
—  Xxxx...X: bits of frac field
— Minimum when frac=000...0 (M = 1.0)
— Maximum when frac=111...1 (M =2.0—¢)
- Get extra leading bit for “free”



Normalized Encoding Example

v= (-1 m 2¢
E = Exp - Bias

- Value: float F = 15213.0;

- 152134 =11101101101101,
= 1.1101101101101, x 213

» Significand
= 1.1101101101101,

M

frac= 11011011011010000000000,

- Exponent
E = 13
Bias = 127
Exp = 140 10001100,

* Result:
0fIL0001100](11011011011010000000000
S exp frac



Denormalized Values (FEFAE4L) :5,::(-11 d Ils\faf E

Condition: exp = 000...0

firi5Exponent value: E = 1 - Bias (instead of E = O - Bias)
- N TPIE I BAS A TE EL (Lxxx > 2-126)

- JEMREAL: O.xxx * 2-126

M A gl R0 BEEOM T M = 0.xXX...X2

Cases
- exp = 000..0, frac = 000..0

+ X0

- (HERHESH0EL, ALK /R +0 and -0
— exp = 000..0, frac # 000..0

+ H TR T 0.00 3



1. %‘MM:B‘J

Special Values

+ Condition: exp = 111..1

#io]o]o]o]oTolo[o[o[o o]0 ofofo]aToToTo o oTo o

* Case: exp =111.1, frac = 000.. O
- Represents value «©
- Mk 7Roverflow
- A fi+oofll-c0
- Eg. 1.0/0.0 = -1.0/-0.0 = +0, 1.0/-0.0 = -

* Case: exp =111.1, frac # 000..0
Not-a-Number (NaN)
- RARLIEGER—DEE (AR E SO
E.g., 0/0, sgrt(-1), o = 0, 0 x O



Visualization: Floating Point Encodings

-0 . . +00
-Normalized ~Denorm . .+Denorm +Normalized

i | _O:/I;\; | |

M

BIREEAN—EREFER, SZH=EAR

M



Today: Floating Point

* Background: Fractional binary numbers
» IEEE floating point standard: Definition
* Example and properties

* Rounding, addition, multiplication

* Floating point in C

* Summary



Tiny Floating Point Example

S exp frac

1 4-bits 3-bits

+ 8-bit Floating Point Representation
- R NSRRI T
- T4 Y, fwEbias=23-1=7
- WE AR R

« FARER IR FHHIEEE 754 bRtk
- Bt JERLR)AL
- 0, NaN, &7 RIE R




Dynamic Range (Positive Only)

v=(-1sMm 2¢
n: E = Exp — Bias

N d:.E =1 -ABlas

s exp frac E Value Bias=2"3-1=7

0 0000 000 -6 0

0 0000 001 -6 1/8*1/64 = 1/512 closest to zero 2™*2
Denormalized 0 0000 010 -6 2/8*1/64 = 2/512
numbers

0 0000 110 -6 6/8*1/64 = 6/512

0 0000 111 -6 7/8*%1/64 = 7/512 largest denorm (1-2-m

0 0001 000 -6 8/8*1/64 = 8/512 smallest norm  1%*22-

0 0001 001 -6 9/8*1/64 = 9/512

0 0110 110 -1 14/8%1/2 = 14/16

0 0110 111 -1 15/8%1/2 = 15/16 closest to 1 below
Normalized o 0111 000 o 8/8*1 =1
numbers 0 0111 001 O 90/8*1 = 9/8 closest to 1 above

0 0111 010 0 10/8*1 = 10/8

0 1110 110 7 14/8%128 = 224

0 1110 111 7 15/8%128 = 240 largest norm  (2-27

0 1111 000 n/a inf



Distribution of Values

6-bit IEEE-like format

- e = 3 exponent bits S exp

- f = 2 fraction bits
- Biasis 231-1=3

frac

1 3-bits

2-bits

Notice how the distribution gets denser toward zero.

/8 values

A
-15

A A
-10

-5 0

5

¢ Denormalized A Normalized

Infinity

A
10

A

A
15




Distribution of Values (close-up view)

6-bit IEEE-like format

- e = 3 exponent bits s exp frac
- f =2 fraction bits

. 1 3-bits 2-bits
- Biasis 3

-1 -0.5 0 0.5
¢ Denormalized A Normalized B Infinity




Special Properties of the IEEE Encoding

VR BONTEE IO R I E—
- PrAbits#f20 (+0)

- JLF 2 m] BU# Funsigned integerff) Lbi K /N5 5
- WINE AT 5 A
- WIERE-0=0
- NaNs/1 /A &
 HOARAT AR K
* NaNsH Z/ME

- HAbEHLOK
AR T BUREL
+ BUREL < TR




Creating Floating Point Number

Steps > €xp frac
- s, BN 1 1 4-bits 3-bits
- BT i Tround

- JaHits 1k (Posthormalize) b ¥ roundis I 1 ] it

Case Study

- Convert 8-bit unsigned numbers to tiny floating point format
Example Numbers

128 10000000
15 00001101
33 00010001
35 00010011

138 10001010

63 00111111



S exp frac

Nor'mal i1Zze 1 4-bits 3-bits

* Requirement
- Set binary point so that numbers of form 1.xxxxx

- Adjust all to have leading one
- Decrement exponent as shift left

Value Binary Fraction Exponent
128 10000000 1.0000000 7

15 00001101 1.1010000 3

17 00010001 1.0001000 4

19 00010011 1.0011000 4

138 10001010 1.0001010 7

63 00111111 1.1111100 5



Rounding

SR CEC RGN

Value Fraction Rounded

128 1.0000000 1.000

15 1.1010000 1.101

17 1.0001000 1.000

19 1.0011000 1.010

138 1.0001010 1.001

63 1.1111100 10.000

R 1.40 1.60 5 2.50 -1.50
) AR A 1 2 2 2 -2
MEEA 1 1 1 2 ~1
FMTFEA 1 1 ] 2 -2
/A 2 2 2 3 -1




Rounding

» Rounding Modes (illustrate with $ rounding)

. $1.40 $1.60$1.50 $2.50-$1.50
- \O&EAN $1 $1 $1 $2  -%1
- [\ FEA(-0) $1 $1 $1 $2  -$2
- [\ B & A\ (+0) $2 $2  $2  $3  -$1
- it A\ (default) $1 $2  $2 $2 -$2
c MEEAE N BREES L — R A 45 5, A )




Closer Look at Round-To-Even

BRI\ AR 2
- WRARHILHES, EXESCAH AR round =
- HARBAH 2 S m S

 roundi) 77 [n] 2 i € 1)
- Frllround-to-even i Ab 2 E A - round 7 17), 0] LLIEE G/ P /)N
Ft i 2

N AE1OFE A # v BRI 1

- E.g., round to nearest hundredth

7.8949999 7.89  (Less than half way)
7.8950001 7.90  (Greater than half way)
7.8950000 790  (Half way—round up)

7.8850000 7.88  (Half way—round down)



Rounding Binary Numbers

N
- “"Even" Zm/NEF ZONS
- "Half way" HbitsiE#FrEH A A BN = 100..2

Examples

- Round to nearest 1/4 (2 bits right of binary point)

Value Binary Rounded  Action Rounded
Value

2 3/32 10.00011z2  10.00: (<1/2—down) 2
2 3/16 10001102 10.012 (>1/2—up) 2 1/4
2 7/8 10.111002  11.002 ( 1/2—up) 3
2 5/8 10.101002  10.102 ( 1/2—down) 21/2



Postnormalize

- Issue
- &I B2 32 overflow
- ARETRELEM, HEINE
Value Rounded Exp Adjusted Result
128 1.000 7 128
15 1.101 3 15
17 1.000 4 16
19 1.010 4 20
138 1.001 7 134
000 5

(10.

1.000/6::§E:::::>




Interesting Numbers {single,double}

Description exp frac Numeric Value
Zero 00..00 00..00 0.0
Smallest Pos. Denorm. 00..00 00..01 2-{2352} x 2-{126,1022}
- Single # 1.4 x 10%
- Double # 4.9 x 107324
Largest Denormalized 00..00 11..11 (1.0 - ¢) x 2-{126,1022}
- Single # 1,18 x 10738
- Double % 2.2 x 107308
Smallest Pos. Normalized 00..01 00..00 1.0 x 2-{126,1022}
- Just larger than largest denormalized
One 01.11 00.00 10
Largest Normalized 11.10 11.11 (2.0 - ¢) x 21271023}
- Single # 3.4 x 1038
- Double #~ 1.8 x 10398 = A B R EE1080



RE LR

- R R ECLRI60L, HAEridens, KHSRIEEE
75451t
- 1) 3RF £#020.6251 — B

- 2) ORF KBRS RIS WA A Y f5 R S ESORT B/ 45
LK AR TS A ) B3 R A B e /N 20 (bl + B

37



Iiﬂ%ﬁ 104 v=(-1s M 2F

n: E = Exp — Bias
d: E = 1 - Bias
Bias=2"3-1=7

RiF mt166, HFpEess, KR
TEEE 754%n 1

1) R S $020.6250) — il
2) REF R e RIS IR K M

B/, CLRIEREAL KB R 52
/N (b« EE)

38




v=(-1)m 2F

n: E = Exp — Bias

d: E = 1 - Bias
Bias = 275-1= 31

[b it ]EM - {%wg)

Dwn .
5 &‘P qﬁ(mc, i

y | 0 -

)@\g},gw = [o]vD, [,
!
). oloolol ¥ 37

fone
2xp= E+bBivs =4+2]22C = |ovoll,

vl




WEES (B

1.0100101 * 2°4, BKrig4+31= 35

Bias = 27°{6-1}-1 = 31

_-__

RS AL

1
vk eed 1
1
1

R TR DL

000 000
000 000
000 001
111 110
111 111

000 000 001
111 111 111
000 000 000
111 111 111

0
=0

-27(-9)*2"(-30)
-(1-27(-9))*27(-30)
-1*27(-30)
-(2-27(-9))*2"31
Infinite

NaN

40



Today: Floating Point

* Rounding, addition, multiplication



Floating Point Operations: Basic Idea

* X +fr y = Round(x + y)

Round (x X y)

* X Xf Y

- Basic idea
- HiITEEE R
- RIGEEMREE, HITHmE/ AN
« Y REy, PR H, AR N+/- oo
- BETREFRE A



Floating Point Multiplication

(-1t M1 28 x (-1)2 M2 2F2
Exact Result: (-1)s M 2°F

A

- Sign s: s1” s2

- Significand Mm: M1 x M2
- Exponent E: E1+E2
R

- M2, ME, SFNIEKE
- WMREESF, Fioverflow
- BEMEEHFITEA

KB
- BORE RS R E) 2 REIN R



Floating Point Addition

(-1)t M1 281+ (-1)2 M2 22 Get binary points lined up

~RXEL > E2, B5EXIRT, E2->E1, M23R/)\ — E1-E2

FEEE T (1) M 28 (1) M1

-Sign s, significand Mm: + |(_1)sz M2
* Result of signed align & add
-Exponent E:  E1

|(—1)s M

(ETF

—9NRM 2 2, LM, HIINE

“WNERM < 1, M ER k AL 2IEEEX A, E N k (RTEERIASY, RTEEIEIAS{L)
-INREE LA S, Woverflow

M K, R T A A



Mathematical Properties of FP Add

e AT B DL 2B H R AR

- IR D Yes
- HREF A RES A T893 BiNaN
- THIED Yes
- HEEE? No
» Overflow and inexactness of rounding
e (3.14+1e10)-1e10 = 0, 3.14+(1lel0-1el10) = 3.14
- 0 &Ik Esproe? Yes
- A IGTERAAE ML
- Yes, k& T infinities & NaNs Almost
FAR

- a2b = a+c > b+c?
. % Tinfinities & NaNs Almost



Mathematical Properties of FP Add

+ FPImMZEABA 461
- X g B AR IR KR
- Hllix=a+b+c;y=b+c+d;
-« Imikas AL, > —Ris
-t=b+c¢
-X=a+t
-y= t+d
© XFERREFAEANFIIME, iy — S OR ST Bk, Xt
Ry DI Re = A s

46



Mathematical Properties of FP Mult

- Btk
- RV E MY Yes
- {HATEEF=4E infinity or NaN
- ATHLAE? Yes
- GHEFR? No

WRESEUR H, BCE T R AS K

» Possibility of overflow, inexactness of rounding

. EX:(le20*1e20)*1e—202inf,leZO*(leZO*le—ZO):le20
- LRFEEI A2 Yes
e i 1) 5 B 2 No

Al RS EuE t, BUE T R AR
e 120* (1e20-1e20)=0.0, 1e20*1e20 - 1e20*1e20 = NaN

HALR Almost
— a2>b &c20 = a*c2b*c?
« & Tinfinities & NaNs



Ariane b: f?)ﬁﬁlﬁl‘ H(JII&J %ﬁ'fﬁ’

1996.6.4, Ariane 5 K& KW 37R EIENE (FRKEBILES)

: A4




Ariane 5: 7% m i H & B

- BN FHUARS A

Sl EEmIME H)THEALAGE T

A?ﬁx@&ﬁ B RIE ATHERIE R, T kKiE T

— M2, A
A7 B ¥ H

R 6 AL K N16 14T FF

- Ariene 4 K &i IR EA L1660 R 2
- Ariene i [F L Ariene 45 1155, (HEEEHT

Ariene 41,

= R R A WO BB — M L HRR PP 1ROK

I
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Today: Floating Point

* Floating point in C



Floating Point in C

» C Guarantees Two Levels
—-float single precision
-double  double precision

» Conversions/Casting
—-int, floatfldouble [A] 145 # 2> AFbit/H
- double/float — int
o« ERUNIGE
CI[0FE5PN
G VE B EINaNI A E X, — N Tmin (Al gEI K515 21 47 %4
Tmin)
- int — double
- TR, intEUE < B3 bit
- int — float

s PRI ABAUOREEH T A



Floating Point Comparison

» AgEH ==, 128 B U S B T
- O.LXFE103E e B 55 e 3k il T ] B TVEAS I R R
- BT W AR LR G, S5 8 — iR

#= (FANFE0D

- ATLL, AIEEPIANO.IM) ik RIA AR 24— FE

- K Hfabs(f1-f2) <= precision
- precisiony H O HIAEE, Uile-6

+ {HUL Fprecision@Z8X1F5E, WA E SRR K
, AgEHle-65t A EE T
- Nz ARG R

52



Floating Point Comparison

o FHXIRZE LR R 22 45 A BT 30
- bool IsEqual(float a, float b, float absError, float relError ) {
- if (a==b) return true;
- if (fabs(a-b)<absError ) return true;

- if (fabs(a)<fabs(b)) return (fabs((a-b)/a)<relError ) ? true
: false;

- return (fabs((a-b)/b<relError ) ? true : false;

-}

53



Floating Point Puzzles (#£#%:>])

© X NHRRANCEE RIE
- SR E AL
- SREMRNLFNI

x == (int) (float) x
x == (int) (double) x
int x = - f == (float) (double) £
float £ = _: d == (double) (float) d
double d = ..; £==-(5;
R dFOERA=NaN .+ 2/3 == 2/3.0
e d > £ = -f > -d

+d*d>= 0.0
(d+f)-d == £



Summary

- TEEE mfbrtEB W I E = m it
- W EBERRB T EGE M x 28
o MSEEREA—FF
- HBIR G ORISR
- fiicompiler il s - 8 R 1R A



RE LR

SRR —E %, GiT  + float fpwur2lint )€

—PCEREH R TTHL2XH) ] i“f”?)‘?:‘ed exp, f)r{ac, u;
HET. IRENE5E R Vet
NS IR0 77 U EL B o
QUL RINIEEE MG 2 - Yelseif e
%0 . frcl:c; l,'
A/NREFO.0; Hxk T ek e —!
KNI 400, e
U FIARIZ 1, L) T kel

A IERI 4 5. e —
T A 3 A L0 PV - N

- u=exp«23 | frac;

5ERIHAR 5 S EE M return u2f(u):
PRI - . ) K



r/\2%$

T IR—AMESS, WS
— PRI R B 27
RN R IR B e X
MMES W T i2oe Bk
B4 RIVIEEER RS LR

—_—a

7IN o

xR/ AI0.0; xR
KA IR [Pl 400

HE MHPACEEE, B
THE IR 45

fix v PR B u2 £ o] )V i
55 2806 M A
eI

float fpwr2(int x) {

}

unsigned exp, frac, u;

if (x<__-149 Y{// K/, &x[\0
- exp=_0___
« frac=_0___

}else if (x < _-126_){ //3dF#i#&1k
- exp=_20 ;

+ frac = _1<<(x+i49) ;
Yelse if (x < _128 ) { //¥i#sAtk

- exp=__x+127____
« frac=_0___
lelse {
- exp-= 255___ . // KK, iR[Al+eo
« frac=__0__
}
u = exp«23 | frac;
return u2f(u); s



